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FOURIER TRANSFORMS OF C∗-ALGEBRAS
OF NILPOTENT LIE GROUPS
INGRID BELTIT¸A˘, DANIEL BELTIT¸A˘, AND JEAN LUDWIG
Abstract. For any nilpotent Lie group G we provide a description of the
image of its C∗-algebra through its operator-valued Fourier transform. Specif-
ically, we show that C∗(G) admits a finite composition series such that that
the spectra of the corresponding quotients are Hausdorff sets in the relative
topology, defined in terms of the fine stratification of the space of coadjoint
orbits of G, and the canonical fields of elementary C∗-algebras defined by the
successive subquotients are trivial. We give a description of the image of the
Fourier transform as a C∗-algebra of piecewise continuous operator fields on
the spectrum, determined by the boundary behavior of the restrictions of op-
erator fields to the spectra of the subquotients in the composition series. For
uncountable families of 3-step nilpotent Lie groups and also for a sequence
of nilpotent Lie groups of arbitrarily high nilpotency step, we prove that ev-
ery continuous trace subquotient of their C∗-algebras has its Dixmier-Douady
invariant equal to zero.
1. Introduction
The classical Fourier transform gives a ∗-isomorphism C∗(V) ≃ C0(V∗) for any
finite-dimensional real vector space V regarded as an abelian Lie group. Some of the
main results of this paper give a result of this type when the abelian group (V ,+)
is replaced by an arbitrary connected, simply connected nilpotent Lie group G.
(See Theorem 4.6 and Corollary 3.11.) If G is non-commutative, then its unitary
dual space Ĝ is not Hausdorff and moreover C∗(G) is non-commutative, hence one
must replace the classical Fourier transform by a suitable operator-valued Fourier
transform which realizes C∗(G) as a C∗-algebra of operator fields on Ĝ.
The problem of describing the image of the operator-valued Fourier transform
on a nilpotent Lie group is notoriously difficult and some of its aspects were nicely
discussed in [LiRo96].
In the present paper we develop a new approach to operator-valued Fourier
transforms of C∗-algebras of nilpotent Lie groups, blending complete positivity
techniques and existence of suitable global canonical symplectic coordinates on
coadjoint orbits of nilpotent Lie groups. Instead of the traditional way of construct-
ing Lie group representations as induced representations, we use the Lie theoretic
method of constructing firstly the representations of the corresponding Lie algebras
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via canonical coordinates on coadjoint orbits [Pe89], and then we integrate the Lie
algebra representations to Lie group representations. This leads to a realization of
the operator-valued Fourier transform, which is studied with the help of some basic
properties of C∗-algebra extensions and of completely positive maps.
Specifically, we prove that for every connected, simply connected nilpotent Lie
group G its C∗-algebra admits a finite sequence of closed two-sided ideals
{0} = J0 ⊆ J1 ⊆ · · · ⊆ Jn = C
∗(G) (1.1)
with ∗-isomorphisms Jj/Jj−1 ≃ C0(Γj ,K(Hj)) for suitable locally compact spaces
Γj that are homeomorphic to real semi-algebraic cones, where Γ1 is a Zariski open
subset of Rk, denoting by k the codimension of generic coadjoint orbits of G. Here
Hj for j = 1, . . . , n are complex separable Hilbert spaces with dimH1 = · · · =
dimHn−1 = ∞, and dimHn = 1. Using a direct sum of topological spaces, one
obtains a continuous bijection
Γ1 ⊔ · · · ⊔ Γn → Ĝ. (1.2)
whose restriction to Γj is a homeomorphism onto its image for j = 1, . . . , n. The
above map is never a homeomorphism if G is non-abelian, since for instance it
turns out that Γj is a relatively dense open subset of Γj ∪ Γj+1 ∪ · · · ∪ Γn for
j = 1, . . . , n−1 (see Theorem 4.11 and Definition 2.9 below). We describe the image
of the operator-valued Fourier transform of C∗(G) as a C∗-algebra of operator fields
on Ĝ, determined via the boundary behavior of the restrictions of operator fields
to Γj for j = 1, . . . , n (see Theorem 4.6 and Corollary 3.11 below). The intricate
topological nature of the C∗-algebra extensions involved in this picture can already
be seen in the case of the Heisenberg group; see [Vo81].
For nilpotent Lie groups of step two and dimension ≤ 6 (and a solvable Lie
group), composition series like those in (1.1) were constructed in [Ec96, Ch. 6] using
techniques of twisted crossed products. The results thus obtained are optimal in
terms of the length of the composition sequence, for the case of the free two-step
nilpotent Lie group with tree generators, see [Ec96, Ex. 6.3.5].
In the particular cases of the Heisenberg, threadlike Lie groups, and all nilpo-
tent Lie groups of dimension ≤ 6, explicit calculations have been used to provide
descriptions of the image of the operator-valued Fourier in [LuTu11], [LuRe15] and
[ReLu14].
Our results can also be regarded as a sharpening of the results of [Pe84], where
one proved that there exists a composition series as in (1.1), where the successive
quotients are however C∗-algebras with continuous trace.
The present paper is structured as follows. Section 2 contains basic notations
and results on solvable C∗-algebras and norm-continuous operator fields. Section 3
contains abstract results on liminary C∗-algebras that have a finite composition
series such that the spectra of the corresponding quotients are Hausdorff sets in
the relative topology, and the canonical field of elementary C∗-algebras defined
by the successive subquotients are trivial. In particular, we give a description of
the image of the Fourier transform for these algebras as C∗-algebras of piecewise
continuous operator fields on the spectrum, determined by the boundary behavior
of the restrictions of operator fields to the spectra of the successive subquotients in
the composition series (see Theorem 3.8 below). Section 4 shows that the results
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in the previous section can be applied in the case of general connected simply
connected nilpotent Lie groups.
As an illustration of our abstract results, we show in Section 5 that the Heisen-
berg group is uniquely determined in terms of the above structures.
One of the open problems in this area is the conjecture that every continuous-
trace subquotient of C∗(G), where G is an exponential Lie group, has its Dixmier-
Douady invariant equal to zero [RaRo88, Ro94, LiRo96]. This was proved so far
only for 2-step nilpotent Lie groups [LiRo96, Th. 3.4]; see also the concluding
remarks in [Ec96]. Using different ideas we will also prove it here for uncountable
families of 3-step nilpotent Lie groups and also for a sequence of nilpotent Lie
groups of arbitrarily high nilpotency step (Corollaries 6.9 and 6.14).
2. Preliminaries
In this section, beside recalling some basic notations and results on solvable
C∗-algebras, we record some tools for proving norm-continuity of operator fields.
2.1. Basic notations.
Notation 2.1. We denote by K(H) the C∗-algebra of all compact operators on
some complex separable infinite-dimensional Hilbert space H. We denote by Sp(H)
the pth Schatten ideal, for 1 ≤ p ≤ ∞. For any C∗-algebra A and locally compact
Hausdorff space X we denote by C0(X,A) the C∗-algebra of continuous A-valued
functions on X which vanish at infinity. We also denote by Â the dual space of A
endowed with its Jacobson topology. 
The next lemma is well known, but we record it in order to fix some notation.
Lemma 2.2. Let A be any C∗-algebra. For any closed two-sided ideal J of A
denote
ÂJ := {[π] ∈ Â | J ⊆ Kerπ} ≃ Â/J ,
ÂJ := {[π] ∈ Â | J 6⊂ Kerπ} ≃ Ĵ .
Then the following assertions hold:
(1) J 7→ Ĵ is an increasing bijection between the closed two-sided ideals of A
and the open subsets of Â.
(2) J 7→ Â/J is a decreasing bijection between the closed two-sided ideals of
A and the closed subsets of Â.
Proof. See [Dix64, Props. 2.11.2, 3.2.2]. 
Remark 2.3. In the present aper, a key role is played by the well-known fact that
for any C∗-algebra A the locally closed subsets of Â are precisely the spectra of
subquotients of A.
In fact, recall that locally closed subset means any set of the form F ∩D, where F
is any closed subset of Â while D is any open subset of Â. Moreover, a subquotient
of A is any C∗-algebra of the form J2/J1, where J1 ⊆ J2 are any closed two-sided
ideals of A. For any such a pair of ideals, it follows by Lemma 2.2 that D := Ĵ1
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is an open subset of Â and Ĵ2/J1 is a closed subset of the open set Ĵ1, hence it is
easily checked that the disjoint union F := Ĵ2/J1 ∪ (Â \ Ĵ1) is a closed subset of
Â and F ∩ D = Ĵ2/J1 is locally closed. Conversely, for any locally closed subset
F ∩D ⊆ Â we have F ∩D = D\(D\F ), where D\F = D∩(Â\F ) is an open subset
of D. Hence by Lemma 2.2 there exist uniquely determined two-sided closed ideals
J1 ⊆ J2 of A with Ĵ1 = D \F and Ĵ2 = D. Moreover, since J1 is in particular an
ideal of J2, it follows by Lemma 2.2 again that Ĵ2/J1 = D \ (D \F ) = D ∩F . See
[Ph87, Lemma 7.3.5] for the fact that the ∗-isomorphism class of the C∗-algebra
J2/J1 depends only on the locally closed set Ĵ2 \ Ĵ1. 
Definition 2.4. Let X be a topological space.
i) A point γ ∈ X is said to be separated in X if for every γ′ ∈ X that is not in
the closure of the set {γ}, there exist open subsets V , V ′ ⊂ X such that γ ∈ V ,
γ′ ∈ V ′ and V ∩ V ′ = ∅.
ii) We denote by Sep(X) the collection of subsets Y ⊂ X such that all points in
Y are closed and separated in X .
2.2. Special solvable C∗-algebras. We first recall a notion introduced in [Dy78]
(see also [HY88, Sect. 2] for several completions).
Definition 2.5. A C∗-algebra A is called solvable if it has a solving series, that
is, a finite sequence of ideals {0} = J0 ⊆ J1 ⊆ · · · ⊆ Jn = A with ∗-isomorphisms
Jj/Jj−1 ≃ C0(Γj ,K(Hj)) for suitable locally compact spaces Γj and complex
Hilbert spaces Hj for j = 1, . . . , n, with dimH1 ≥ · · · ≥ dimHn. If n ≥ 1 is
the least integer for which there exists a sequence of ideals as above, then n− 1 is
called the length of the C∗-algebra A.
Definition 2.6. A topological R-space is a topological space X endowed with a
continuous map R×X → X , (t, x) 7→ t · x, and with a distinguished point x0 ∈ X
satisfying the following conditions:
(1) For every x ∈ X and t ∈ R one has 0 · x = t · x0.
(2) For all t, s ∈ R and x ∈ X one has t · (s · x) = ts · x.
(3) For every x ∈ X \ {x0} the map R → X , t 7→ t · x is a homeomorphism
onto its image.
An R-subspace of the topological R-space X is any subset Γ ⊆ X such that R ·Γ ⊆
Γ ∪ {x0}. If this is the case, then Γ ∪ {x0} is a topological R-space on its own.
In the above framework, a function ϕ : X → R is called homogeneous if there
exists r ∈ [0,∞) such that ϕ(t · x) = trϕ(x) for all t ∈ R and x ∈ X .
Example 2.7. Every finite-dimensional real vector space is a topological R-space.
Moreover, if ϕ1, . . . , ϕn1 , ψ1, . . . , ψn2 : Rm → R are any homogeneous polynomials,
then the semi-algebraic cone
Γ := {x ∈ Rn | ϕj1 (x) = 0 6= ψj2(x) for 1 ≤ j1 ≤ n1 and 1 ≤ j2 ≤ n2}
is an R-subspace of Rm in the sense of Definition 2.6.
As another type of examples, if G is any nilpotent Lie group, then the topological
R-space structure of g∗ gives rise to a topologicalR-space structure of the orbit space
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g∗/G (hence also of the dual space Ĝ via Kirillov’s correspondence), and the vector
space of characters [g, g]⊥, viewed as the set of singleton orbits, is an R-subspace
of g∗/G. More specifically, the R-space structure of g∗/G is the map
R× (g∗/G)→ g∗/G, (t,Oξ) 7→ Otξ
where we denote by Oξ the coadjoint orbit of every ξ ∈ g∗.
Lemma 2.8. Let X be any topological space and for j = 1, 2 let Vj be any open
subset of X that is homeomorphic to an open subset of Rrj , where rj ≥ 1 is some
integer. If V1 ∩ V2 6= ∅, then r1 = r2.
Proof. The nonempty open set V := V1∩V2 is homeomorphic to some open subsets
of Rr1 and of Rr2 , hence r1 = r2 by Brouwer’s theorem on the invariance of domain.

Definition 2.9. We say that A is a special solvable C∗-algebra if it is separable
and it has a special solving series, that is, a solving series as in Definition 2.5 with
the following additional properties:
(1) Â has the structure of a topological R-space and Γj ⊆ Â is an R-subspace
for j = 1, . . . , n.
(2) One has dimHn = 1 and Γn is isomorphic as a topological R-space to a
finite-dimensional vector space.
(3) For j = 1, . . . , n− 1 one has dimHj =∞, the set Γj+1 is dense in Â \ Ĵj ,
and the points of Γj+1 are closed and separated in Â \ Ĵj .
(4) For j = 1, . . . , n, Γj is isomorphic as a topological R-space to a semi-
algebraic cone in a finite-dimensional vector space. In addition, Γ1 is as-
sumed to be a Zariski open set, and the dimension of the corresponding
ambient vector space is called the index of A and is denoted by indA.
(5) For j = 1, . . . , n, there exists a homogeneous function ϕj : Â → R such that
ϕj |Γ1 is a polynomial function (via the above homeomorphism) and
Γj = {γ ∈ Â | ϕj(γ) 6= 0 and ϕi(γ) = 0 if i < j}.
Since Γ1 is open and dense in Â, it follows by Lemma 2.8 that indA does not
depend on the choice of the solving series of A.
Remark 2.10. In Definition 2.9, the distinguished point of the topological R-space
Â is the origin 0 ∈ Γn of the vector space Γn. Therefore, for j = 1, . . . , n and every
γ ∈ Γj , one has R∗ · γ ∩R · γ = {0} ⊂ Γn. 
Remark 2.11. In Definition 2.9, since dimHn = 1 < dimHj for 1 ≤ j < n, the set
Γn is precisely the set of characters of A, that is, the non-zero ∗-homomorphisms
χ : A → C. Denoting by Comm(A) the closed two-sided ideal of A generated by the
set {ab− ba | a, b ∈ A}, it follows that A/Comm(A) is a commutative C∗-algebra
and for every χ ∈ Γn one has Comm(A) ⊆ Kerχ, hence χ can be identified with
an element in the spectrum of A/Comm(A). Thus the Gelfand representation pro-
vides a ∗-isomorphismA/Comm(A) ≃ C(Γn), and the condition in Definition 2.9(2)
implies that the spectrum of the commutative C∗-algebra A/Comm(A) is home-
omorphic to a finite-dimensional real vector space, whose dimension is uniquely
determined because of Brouwer’s theorem on the invariance of domain. 
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2.3. On the continuity of operator fields. The following two lemmas go back
to [ReLu14, Prop. 2.2, Th. 2.3].
Lemma 2.12. Let A be any C∗-algebra with some subset of its spectrum Γ ⊆ Â
such that the relative topology of Γ is Hausdorff. Assume H is a complex Hilbert
space and in every γ ∈ Γ we have picked πγ : A → B(H). Also let V1 and V2 be any
total subsets of H.
If a ∈ A has the property that for every v1 ∈ V1 and v2 ∈ V2, the function
Γ→ C, γ 7→ 〈πγ(a)v1, v2〉, is continuous, then for every R ∈ S1(H) the function
fR : Γ→ C, fR(γ) = Tr (πγ(a)R)
is continuous and bounded.
Proof. For every R ∈ S1(H) and γ ∈ Γ we have |fR(γ)| ≤ ‖R‖1‖a‖, hence fR ∈
ℓ∞(Γ) and ‖fR‖∞ ≤ ‖R‖1‖a‖. Since the limit of any uniformly convergent sequence
of continuous functions is in turn continuous, it then easily follows that the set
{R ∈ S1(H) | fR ∈ C(Γ)} is a closed linear subspace of S1(H). As that closed
linear subspace has a dense linear subspace consisting of rank-one operators by the
hypothesis on a, the conclusion follows. 
Lemma 2.13. In the setting of Lemma 2.12, assume S is a dense ∗-subalgebra of A
for which every element a ∈ S satisfies the condition of Lemma 2.12, and moreover
for all γ ∈ Γ we have πγ(a) ∈ S1(H) and the function Γ → C, γ 7→ Tr πγ(a) is
continuous.
Then for every a ∈ A the map Πa : Γ→ B(H), γ 7→ πγ(a), is norm continuous.
Proof. For arbitrary a ∈ A and γ ∈ Γ we have ‖Πa(γ)‖ = ‖πγ(a)‖ ≤ ‖a‖, hence just
as in the proof of Lemma 2.12 we can see that the set {a ∈ A | Πa is continuous} is
a closed linear subspace of A. Therefore it suffices to check that Πa is continuous
for a ∈ S.
If a ∈ S and {γj}j∈J is any net in Γ which is convergent to some γ ∈ Γ, then for
all j ∈ J we have
‖Πa(γj)−Πa(γ)‖
2 ≤‖Πa(γj)−Πa(γ)‖
2
2
=‖πγj (a)− πγ(a)‖
2
2
=Trπγj (a
∗a)− 2ReTr (πγj (a)πγ(a)
∗) + Trπγ(a
∗a).
Since a∗a ∈ S, it follows by hypothesis that
lim
j∈J
Trπγj (a
∗a) = Trπγ(a
∗a)
and on the other hand Lemma 2.12 implies
lim
j∈J
Tr (πγj (a)πγ(a)
∗) = Tr (πγ(a)πγ(a)
∗) = Tr πγ(a
∗a)
hence by the above estimate we obtain lim
γ∈Γ
πγj (a) = πγ(a) in B(H), which concludes
the proof. 
Lemma 2.14. Let A be any liminary separable C∗-algebra and consider any locally
closed subset Γ ⊆ Â for which the relative topology of Γ is Hausdorff, and let
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J1 ⊆ J2 be two-sided closed ideals of A with Ĵ2/J1 = Γ (see Remark 2.3). Then
the following properties are equivalent:
(1) The canonical field of elementary C∗-algebras defined by J2/J1 on Γ is
trivial.
(2) There exist a complex Hilbert space H and a complete system of distinct
representatives {πγ : A → B(H)}γ∈Γ of the equivalence classes of represen-
tations corresponding to the elements of Γ such that for every a ∈ J2 the
mapping Γ → B(H), γ 7→ πγ(a) is continuous with respect to the norm
operator topology of B(H).
Proof. The implication (1)⇒(2) is clear, so we are left to proving only the converse
implication.
By Lemma 2.2, we may replace A by its subquotient J2/J1. Thus we may
assume J1 = {0} and J2 = A, hence Γ = Â. Then the hypothesis (2) shows that
the continuous sections of the canonical field of elementary C∗-algebras defined by
A (which is a continuous field of C∗-algebras by [Dix64, 10.5.1] since Γ = Â is
Hausdorff) are also continuous sections of the trivial field with the fiber K(H) over
Â. Now [Dix64, Prop. 10.2.4] ensures that the two aforementioned continuous fields
of C∗-algebras are isomorphic, and in particular the canonical field of elementary
C∗-algebras defined by A is trivial. 
3. Norm controls for the boundary values of C∗-Fourier transforms
The present section proves our main abstract results on the image of the operator-
valued Fourier transform of liminary C∗-algebras that have a finite composition
series such that the spectra of the corresponding successive quotients are Hausdorff
sets in the relative topology, and the canonical fields of elenentary C∗-algebras
defined by the subquotients are trivial.
3.1. Boundary values of Fourier transforms.
Proposition 3.1. Assume the following:
• A is any separable nuclear C∗-algebra.
• T ∈ Sep(Â) is an open dense subset of Â, such that its corresponding ideal
of A is ∗-isomorphic to C0(T,K). Denote by FT : A → Cb(T,K) the Fourier
transform of A restricted to T .
• 0→ C0(T,K) →֒ A
q
−→B → 0 is an exact sequence of C∗-algebras.
Then the following assertions hold:
(1) The map
Φ: A → Cb(T,K)⊕ B, Φ(a) = FT (a)⊕ q(a)
is an isometric ∗-homomorphism.
(2) There exists a linear map ν : B → Cb(T,K) which is completely positive,
completely isometric, almost ∗-homomorphism, and
RanΦ =
{
f ⊕ b ∈ Cb(T,K)⊕ B | lim
t→∞
f(t)− (ν(b))(t) = 0
}
.
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(3) There exists a completely isometric cross section of q.
Proof. Since T is the spectrum of the ideal J = C0(T,K) of A, and the points of
T are closed and separated in Â sense of [De72, Def. II.6], it follows by [De72,
Prop. IV.1.3] that the Busby invariant γ of the extension of C∗-algebras
0→ J →֒ A
q
−→B → 0
has the range contained into L(J )/J , where L(J ) is the largest two-sided closed
ideal of the multiplier algebra of J which contains J and for which Ĵ ∈ Sep(L̂(J )),
that is, the points of T = Ĵ are closed and separated in L̂(J ) ([De72, Lemme
III.2.4]). On the other hand, since J = C0(T,K), we have L(J ) = Cb(T,K) by
[De72, Prop. III.4.1]. Consequently the Busby invariant of the extension of C∗-
algebras from the statement is a ∗-homomorphism
β : B → Cb(T,K)/C0(T,K).
Moreover, since T was assumed to be dense in Â, it follows by [Bu68, Cor. 6.4]
that the ∗-homomorphism β is injective. Therefore β is a complete isometry and it
is moreover completely positive.
On the other hand, since the C∗-algebra A is nuclear, it follows by [CE77, Cor.
4] that also its quotient B is nuclear. Also B is separable since A is. It then
follows by the completely positive lifting theorem [CE76, Th. 3.10] that there
exists a completely positive contraction ν : B → Cb(T,K) with the property β(b) =
ν(b) + C0(T,K) for all b ∈ B. The unital extension of ν to the unitizations of the
C∗-algebras B and Cb(T,K) is completely positive by [CE76, Lemma 3.9], hence
completely contractive by [BL04, 1.3.3]. Therefore ν is both completely positive
and completely contractive.
Now note that the canonical map
q˜ : Cb(T,K)→ Cb(T,K)/C0(T,K), f 7→ f + C0(T,K),
is a ∗-homomorphism, hence completely contractive, and moreover q˜ ◦ ν = β is
completely isometric. Since we have proved above that ν is completely contractive,
it then follows that ν is actually completely isometric. Moreover, since q˜ ◦ ν = β is
a ∗-homomorphism, it follows that ν is an almost ∗-homomorphism, which means
that for all b1, b2 ∈ B we have lim
t→∞
(ν(b1b2)− ν(b1)ν(b2))(t) = 0 and ν(b∗1) = ν(b1)
∗.
For proving the assertion on RanΦ, note that we have the commutative diagram
0 // J
F|J

// A
q
// B
ν
vv♠♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
β

// 0
0 // C0(T,K) // Cb(T,K)
q˜
// Cb(T,K)/C0(T,K) // 0
and the fact that β is the Busby invariant of the extension from the upper row of
the above diagram implies by [Bu68, Proof of Prop. 4.2, Th. 4.3] that we have the
∗-isomorphism of C∗-algebras
A ≃ {f ⊕ b ∈ Cb(T,K)⊕ B | q˜(f) = β(b)}, a 7→ FT (a)⊕ q(a). (3.1)
Note that for all f ⊕ b ∈ Cb(T,K)⊕ B we have
q˜(f) = β(b) ⇐⇒ f + C0(T,K) = ν(b) + C0(T,K) ⇐⇒ f − ν(b) ∈ C0(T,K)
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and for every f ∈ Cb(T,K) there exists at most one b ∈ B satisfying the above
condition, since if we have f − ν(b1), f − ν(b2) ∈ C0(T,K), then
β(b1) = ν(b1) + C0(T,K) = ν(b2) + C0(T,K) = β(b2)
hence b1 = b2.
Finally, since ν is completely isometric, it follows that the map
ι : B → Cb(T,K)⊕ B, b 7→ ν(b)⊕ b
is completely isometric and its image is contained in the image of A by the ∗-
isomorphism (3.1). By composing the inverse of that ∗-isomorphism with ι we
obtain a completely isometric cross section of q : A → B, and this completes the
proof. 
Remark 3.2. If we have a short exact sequence 0→ J → A → B → 0 where A is
any C∗-algebra of type I, then it follows that also its quotient B is of type I, and
both A and B are nuclear by [Ta03, Prop. 1.6, Ch. XV]. 
Definition 3.3. Let A be a C∗-algebra with spectrum Â. We choose for every
γ ∈ Â a representation (πγ ,Hγ) in the equivalence class γ. Let ℓ
∞(Â) be the
algebra of all bounded operator fields defined over Â by
ℓ∞(Â) :=
{
φ = (φ(πγ) ∈ B(Hγ))γ∈Â | ‖φ‖∞ := sup
γ
‖φ(πγ)‖B(Hγ) <∞
}
.
We define for a ∈ A its Fourier transform FA(a) = aˆ by
FA(a)(γ) = aˆ(γ) = πγ(a), γ ∈ Aˆ.
Then FA(a) is a bounded field of operators over Â, and the mapping
FA : A → ℓ
∞(Â), a 7→ FA(a)
is an isometric ∗-homomorphism.
Theorem 3.4. Let A be any separable liminary C∗-algebra with an increasing
sequence of open subsets of its spectrum
∅ = V0 ⊆ V1 ⊆ · · · ⊆ Vn = Â
with the corresponding sequence of closed two-sided ideals of A
{0} = J0 ⊆ J1 ⊆ · · · ⊆ Jn = A
with Ĵℓ = Vℓ satisfying the following conditions for ℓ = 1, . . . , n:
(1) The set Γℓ := Vℓ \ Vℓ−1 is dense in Â \ Vℓ−1.
(2) There exist a complex Hilbert space Hℓ and a complete system of distinct
representatives {πγ : A → B(Hℓ)}γ∈Γℓ of the equivalence classes of repre-
sentations corresponding to the elements of Γℓ such that for every a ∈ A the
mapping Γℓ → K(Hℓ), γ 7→ πγ(a) is continuous with respect to the norm
operator topology of K(Hℓ).
For ℓ = 0, . . . , n we define
Lℓ := {f : Â \ Vℓ → K(
n⊕
j=ℓ+1
Hj) | (∀j ∈ {ℓ+ 1, . . . , n})(∀γ ∈ Γj) f(γ) ∈ K(Hj)}
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and
FA/Jℓ : A/Jℓ → Lℓ, (FA/Jℓ(a+ Jℓ))(γ) := πγ(a).
Then there is a family of linear maps {νℓ : FA/Jℓ(A/Jℓ) → Cb(Γℓ,K(Hℓ))}1≤ℓ≤n,
which are completely positive, completely isometric, almost ∗-homomorphisms, and
for which the image FA(A) is precisely the set of all f ∈ L0 such that
f |Γℓ − νℓ(f |Aˆ\Vℓ) ∈ C0(Γℓ,K(Hℓ)) (3.2)
for all ℓ ∈ {1, . . . , n− 1}.
Remark 3.5. Under the assumptions in Theorem 3.4, for all a ∈ A we have
(FA/Jℓ−1(a+ Jℓ−1))(γ) = πγ(a) = FA(a)(γ) ∈ K(Hℓ)
for all γ ∈ Aˆ \ Vl−1. This follows from [Dix64, Prop. 2.10.4] and the fact that
Aˆ \ Vℓ−1 = Â/Jℓ−1 = {[π] ∈ Â | Jℓ−1 ⊆ Kerπ}.

Proof of Theorem 3.4. Recall from Lemma 2.2 and Remark 2.3 that ̂Jℓ/Jℓ−1 =
Vℓ \ Vℓ−1, hence Lemma 2.14 implies that the canonical field of elementary C
∗-
algebras defined by Jℓ/Jℓ−1 is trivial. Thus we obtain an isometric ∗-isomorphism
Jℓ/Jℓ−1 ≃ C0(Vℓ\Vℓ−1,K(Hℓ)) by the Fourier transform. Then the canonical short
exact sequence
0→ Jℓ/Jℓ−1 → A/Jℓ−1 → A/Jℓ → 0
leads to a short exact sequence
0→ C0(Vℓ \ Vℓ−1,K(Hℓ))→ RanFA/Jℓ−1 → RanFA/Jℓ → 0.
Here the second arrow is simply the inclusion, while the third is the restriction to
Aˆ \ Vℓ.
Note that the set Γℓ := Vℓ \ Vℓ−1 is in Sep(Â \ Vℓ−1). Indeed, all points of Â
are closed since A is liminary. In addition, the function [π] 7→ ‖π(a)‖ is continuous
on Γℓ for every a ∈ A by (2). This implies that every point of the open set Γℓ
separated in Â (see [Dix61, p. 116, (iii)] or the proof of [Fe60, Th. 2.1]). Then
by Proposition 3.1 we obtain a completely positive, completely contractive, almost
∗-homomorphism νℓ : RanFA/Jℓ → Cb(Γℓ,K(Hℓ)) with
RanFA/Jℓ−1 ={
f ⊕ b ∈ Cb(Γℓ,K(Hℓ))⊕ RanFA/Jℓ | f − νℓ(b) ∈ C0(Γℓ,K(Hℓ))
}
.
We have that
f ⊕ b|Aˆ\Vℓ = b, f ⊕ b|Γℓ = f,
hence when a ∈ A
FA/Jℓ−1(a+ Jℓ−1)|Γℓ − νl
(
FA/Jℓ−1(a+ Jℓ−1)|Aˆ\Vℓ
)
∈ C0(Γℓ,K(Hℓ)).
On the other hand, for all γ ∈ Γℓ and a ∈ A we have
(FA/Jℓ−1(a+ Jℓ−1))(γ) = πγ(a) = FA(a)(γ) ∈ K(Hℓ).
Using now the above description of RanFA/Jℓ−1 , we see that FA(a) satisfies (3.2).
Then, by successively considering the cases ℓ = n, n − 1, . . . , 1, we obtain the
description of RanFA/Jℓ−1 , that for ℓ = 1 concludes the proof. 
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3.2. C∗-algebras with norm controlled dual limits.
Definition 3.6 (see also [LuRe15]). i) Let S be a topological space. We say that
S is locally compact of step ≤ d if there exists a finite increasing family ∅ 6= Sd ⊂
Sd−1 ⊂ · · · ⊂ S0 = S of closed subsets of S, such that the subsets Γd = Sd and
Γi := Si−1 \ Si, i = 1, . . . , d, are locally compact and Hausdorff in their relative
topologies.
ii) Let S be locally compact of step ≤ d, and let {Hi}i=1,...,d be Hilbert spaces.
For a closed subsetM ⊂ S, denote by CB(M) the unital C∗-algebra of all uniformly
bounded operator fields (ψ(γ) ∈ B(Hi))γ∈S∩Γi,i=1,...,d, which are operator norm
continuous on the subsets Γi ∩M for every i ∈ {1, . . . , d} with Γi ∩M 6= ∅. We
provide the algebra CB(M) with the infinity-norm
‖ϕ‖M = sup
{
‖ϕ(γ)‖B(Hi) |M ∩ Γi 6= ∅, γ ∈M ∩ Γi
}
.
Definition 3.7 (see also [LuRe15]). Let A be a separable liminary C∗-algebra. We
assume that the spectrum Â of A is a locally compact space of step ≤ d,
∅ = Sd+1 ⊂ Sd ⊂ Sd−1 ⊂ · · · ⊂ S0 = Â,
and that for 0 ≤ i ≤ d there is a Hilbert space Hi, and for every γ ∈ Γi a concrete
realization (πγ ,Hi) of γ on the Hilbert space Hi. The set Sd is the collection of all
characters of A.
We say that the C∗-algebra A has norm controlled dual limits if for every a ∈ A
one has
(1) The mappings γ → F(a)(γ) are norm continuous on the difference sets
Γi = Si−1 \ Si.
(2) For any i = 0, . . . , d + 1 and for any converging sequence contained in Γi
with limit set outside Γi, hence in Si, there exists a properly converging sub-
sequence γ = (γk)k∈N, a constant C > 0 and for every k ∈ N an involutive
linear mapping σ˜γ,k : CB(Si) → B(Hi), that is bounded by C‖ · ‖Si , such
that
(∀a ∈ A) lim
k→∞
‖F(a)(γk)− σ˜γ,k(F(a)|Si)‖B(Hi) = 0.
Theorem 3.8. Assume the C∗-algebra A satisfies the conditions Theorem 3.4.
Then A has norm controlled dual limits. Specifically, with the notations of The-
orem 3.4, let 1 ≤ ℓ ≤ n be fixed, and γ¯ = (γk)k ∈ Γℓ be a properly convergent
sequence with limit set outside Γℓ. Then there exists a sequence (σγ¯,k)k of com-
pletely positive and completely contractive maps σγ¯,k : CB(Aˆ \ Vℓ) → B(Hℓ) such
that
(∀a ∈ A) lim
k→∞
‖F(a)(γk)− σγ¯,k(F(a)|Aˆ\Vℓ)‖B(Hℓ) = 0.
Proof. From Theorem 3.4 we see that there is a linear map
νℓ : RanFA/Jℓ → Cb(Γℓ,K(Hℓ))
that is completely positive, completely isometric and almost ∗-homomorphism, and
such that
(∀a ∈ A) F(a)|Γℓ − νℓ
(
F(a)|Aˆ\Vℓ) ∈ C0(Γℓ,K(Hℓ)). (3.3)
12 INGRID BELTIT¸A˘, DANIEL BELTIT¸A˘, AND JEAN LUDWIG
Define now σ˜γ¯,k : FA/Jℓ(A/Jℓ)→ B(Hℓ),
σ˜γ¯,k(·) :=
(
νℓ(·)
)
(γk),
for every k ∈ N. These maps are completely positive, and by [Ar69, Thm. 1.2.3] and
[CE76, Lemma 3.9], they extend from the C∗-subalgebra RanFA/Jℓ ⊂ CB(Aˆ \Vℓ)
to completely positive and completely contractive linear maps
σγ¯,k : CB(Aˆ \ Vℓ)→ B(Hℓ).
Due to the properties of νℓ, and using (3.3) via [Fe62, rem. II, p. 474] which implies
γk →∞ in Γℓ, the sequence (σγ¯,k)k satisfies all the properties in the statement. 
3.3. Fourier transforms of C∗-algebras with norm controlled dual limits.
Definition 3.9 (see also [LuRe15]). Let ∅ = Sd+1 ⊂ Sd ⊂ · · · ⊂ S0 = S be a
locally compact topological space of step ≤ d. Choose for every i = 1, . . . , d a
Hilbert space Hi and assume that Hd = C.
Let B∗(S) be the set of all operator fields ϕ defined over S such that
(1) ϕ(γ) ∈ K(Hi) for every γ ∈ Γi = Si−1 \ Si, i = 1, . . . , d.
(2) The field ϕ is uniformly bounded, that is, we have that
‖ϕ‖ = sup
{
‖ϕ(γ)‖B(Hi) | γ ∈ Γi, i = 1, . . . , d
}
<∞.
(3) The mappings γ → ϕ(γ) are norm continuous on the difference sets Γi.
(4) We have for any sequence (γk)k∈N ⊂ S going to infinity, that
lim
k→∞
‖ϕ(γk)‖op = 0.
(5) For any i = 1, . . . , d + 1, and for any converging sequence contained in
Γi = Si−1 \ Si with limit set outside Γi, there exists a properly converging
sub-sequence γ = (γk)k∈N, a constant C > 0 and for every k ∈ N an
involutive linear mapping σ˜γ,k : CB(Si) → B(Hi), which is bounded by
C‖.‖Si , such that
lim
k→∞
‖ϕ(γk)− σ˜γ,k(ϕ|Si)‖B(Hi) = 0.
Theorem 3.10 (see also [LuRe15]). Let S be a locally compact topological space
of step ≤ d. Then the set B∗(S) of Definition 3.9 is a closed involutive subspace
of ℓ∞(S). Furthermore B∗(S)is a C∗-subalgebra of ℓ∞(S) with spectrum S if and
only if all the mappings σ˜γ,k are almost homomorphisms, i.e.,
lim
k→∞
‖σ˜γ,k(ϕ · ψ)− σ˜γ,k(ϕ) · σ˜γ,k(ψ)‖B(Hi) = 0, ϕ, ψ ∈ B
∗(S),
and the restrictions B∗(S)|Si−1 contain the spaces C0(Γi,Hi), i = 1, . . . , d+ 1.
Proof. We easily see that the conditions (1) – (4) in Definition 3.9 imply that B∗(S)
is a closed involution-invariant subspace of ℓ∞(S).
For i = 1, . . . , d + 1, let B∗i be the set of all operator fields defined over Si−1,
satisfying conditions (1)–(5) on the sets Sj , j = d, . . . , i− 1. Then obviously for
every i the restriction B∗(S)|Si−1 of the space B
∗(S) to Si−1 is contained in B
∗
i .
and B∗(S) is also an algebra and hence a C∗-subalgebra of ℓ∞(S).
Let us show that the spectrum of B∗(S) can be identified with the space S.
Since C0(Γi,Hi) is contained in B
∗
i for every i, it follows that the representations
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πs : ϕ → ϕ(s) ∈ K(Hi) of B∗(S) are irreducible. It follows from the choice of Hd
and the properties of B∗(S), that B∗d = B
∗(S)|Sd = C0(Sd).
Suppose that for some 0 ≤ i < d the spectrum of the algebra B∗i+1 is the space
Si. Let π ∈ B̂∗i . Consider the kernel Ki+1 of the restriction mapping Ri+1 from B
∗
i
into l∞(Si). If π(Ki+1) = {0}, then we can consider π as being a representation of
the quotient algebra B∗i /Ki+1. But the image B
∗(S)|Si of Ri+1 is a C
∗-subalgebra
of B∗i+1, the spectrum of B
∗
i+1 is by assumption the set Si and Si is also contained
in the spectrum of the subalgebra B∗(S)|Si . Hence by the Stone-Weierstrass the-
orem [Dix64, Th. 11.1.8] the algebras B∗i+1 and B
∗(S)|Si coincide. Hence π is an
evaluation at a point in Si.
If π(Ki+1) 6= {0}, then we look at the restriction of π to this ideal. The elements
in Ki+1 are operator fields defined on Si−1 which are norm continuous, which go
to 0 at infinity and by condition (5) in Definition 3.9, for any properly converging
sequence γ ⊂ Γi with limit outside Γi, for every ϕ ∈ Ki+1, we have that
lim
k→∞
‖ϕ(γk)‖B(Hi) = lim
k→∞
‖ϕ(γk)− σ˜γ,k(ϕ|Si)‖B(Hi) = 0.
This shows that Ki+1 ⊂ C0(Γi,K(Hi)). Since by condition (1) in Definition 3.9 we
know that C0(Γi,K(Hi)) ⊂ Ki+1 it follows that C0(Γi,K(Hi)) = Ki+1 and then π
is an evaluation at an element s ∈ Γi. Finally the spectrum of B∗i is the set Si−1.
Therefore again by the aforementioned Stone-Weierstrass theorem the algebras B∗i
and B∗(S)|Si−1 coincide.
If B∗(S) is a C∗-algebra, then obviously the conditions of Definition 3.9 are
fulfilled. 
Corollary 3.11. Let A be a C∗-algebra with norm controlled dual limits. Then the
Fourier transform of A is the C∗-algebra B∗(Â).
Proof. Use Theorem 3.10. 
4. Application to C∗-algebras of nilpotent Lie groups
We prove in this section that the C∗-algebras of nilpotent Lie groups are special
solvable, and this allow us to use the results of the previous section to describe the
image of their operator-valued Fourier transform.
Throughout this section we denote by g any nilpotent Lie algebra with its cor-
responding Lie group G = (g, ·) and with a fixed Jordan-Ho¨lder sequence
{0} = g0 ⊆ · · · ⊆ gm = g
and we pick Xj ∈ gj \ gj−1 for j = 1, . . . ,m. We denote by
〈·, ·〉 : g∗ × g→ R
the duality pairing between g and its linear dual space g∗, and for every subalgebra
h ⊆ g we define
(∀ξ ∈ g∗) h(ξ) := {X ∈ h | (∀Y ∈ h) 〈ξ, [X,Y ]〉 = 0}.
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We denote by E the set of all subsets of {1, . . . ,m} endowed with the total ordering
defined for all e1 6= e2 in E by
e1 ≺ e2 ⇐⇒ min(e1 \ e2) < min(e2 \ e1)
where we use the convention min ∅ = ∞, so in particular max E = ∅. This is
precisely the ordering introduced in [Pe84, subsect. 3.4, p. 454]. We also endow
the m-th Cartesian power Em with the total ordering obtained from the above
ordering ≺ as in [Pe94, Def. 1.2.5].
4.1. Coarse stratification of g∗ and continuity of trace on Ĝ. We define the
jump indices
(∀ξ ∈ g∗) Jξ := {j ∈ {1, . . . ,m} | gj 6⊂ g(ξ) + gj−1}
and
(∀e ∈ E) Ωe := {ξ ∈ g
∗ | Jξ = e}.
The coarse stratification of g∗ is the family {Ωe}e∈E , which is a finite partition
of g∗ consisting of G-invariant sets. For every coadjoint G-orbit O ∈ g∗/G we
define JO := Jξ for any ξ ∈ O and then
(∀e ∈ E) Ξe := {O ∈ g
∗/G | JO = e}. (4.1)
Lemma 4.1. Assume the above setting and for every O ∈ g∗/G pick any unitary
irreducible representation πO : G→ B(HO) which is associated with O via Kirillov’s
correspondence. If we endow the space g∗/G ≃ Ĝ with its canonical topology, then
for every index set e ∈ E the following assertions hold:
(1) The relative topology of Ξe ⊆ g∗/G is Hausdorff.
(2) For every test function φ ∈ C∞0 (G) the function
Ξe → C, O 7→ Tr (πO(φ))
is well defined and continuous.
Proof. The first assertion follows as an application of [CG90, Th. 3.1.14(iv)] for
the coadjoint action of G, which provides a homeomorphism of Ξe onto a certain
algebraic subset of the vector space span {Xj | j ∈ {1, . . . ,m} \ e}.
The second assertion is just [Pe84, Lemma 4.4.4]. 
4.2. Fine stratification of g∗ and continuity of operator fields on Ĝ. We
define
(∀ξ ∈ g∗)(∀k = 1, . . . ,m) Jkξ := {j ∈ {1, . . . , k} | gj 6⊂ gk(ξ) + gj−1}
and
(∀ε ∈ Em) Ωε := {ξ ∈ g
∗ | (J1ξ , . . . , J
m
ξ ) = ε}.
The fine stratification of g∗ is the family {Ωε}ε∈Em , which is again a finite partition
of g∗ consisting of G-invariant sets. For every coadjoint G-orbit O ∈ g∗/G we define
JkO := J
k
ξ for any ξ ∈ O and k = 1, . . . ,m, and then
(∀ε ∈ Em) Ξε := {O ∈ g
∗/G | (J1O, . . . , J
m
O ) = ε}.
For every ε ∈ Em we also define Γε ⊆ Ĝ as the image of Ξε through Kirillov’s
correspondence g∗/G ≃ Ĝ, which is actually a homeomorphism.
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Remark 4.2. Every stratum of the coarse stratification of g∗ is the disjoint union
of a few strata of the fine stratification of g∗. More precisely, since gm = g, we have
(∀e ∈ E) Ωe = {ξ ∈ g
∗ | Jmξ = e} =
⊔
ε∈Em−1×{e}
Ωε.

Lemma 4.3. For every ε ∈ Em there exists a Hilbert space Hε and every equivalence
class of representations γ ∈ Γε has a representative πγ : G → B(Hε) with the
property that for every a ∈ C∗(G) the map Πa : Γε → B(Hε), γ 7→ πγ(a), is norm
continuous.
Proof. By using [LiRo96, Cor. 2.15], we obtain a Hilbert space Hε = L2(Rd) and
for every γ ∈ Γε a representative πγ : G → B(Hε) with the property that for all
φ ∈ C∞0 (G), f1 ∈ C
∞
0 (Rd), and f2 ∈ S(Rd) with f̂2 ∈ C∞0 (Rd) the function Γε → C,
γ 7→ 〈πγ(φ)f1, f2〉 is continuous.
On the other hand, it follows by Lemma 4.1(2) that for every φ ∈ C∞0 (G) the
function Γε → C, γ 7→ Trπγ(ϕ), is continuous. Hence we may use Lemma 2.13
with S = C∞0 (G) to obtain the conclusion. 
Lemma 4.4. For every ε ∈ Em the set Ξε is dense and open in (g∗/G)\
⋃
Em∋δ≺ε
Ξδ.
Proof. If e ∈ E is the set for which ε ∈ Em−1 × {e}, then Remark 4.2 implies in
particular that Ξε ⊆ Ξe. It then follows by Lemma 4.1(1) that the relative topology
of Ξε is Hausdorff.
On the other hand, it follows by [Pe94, Prop. 1.3.2] that Ωε is a Zariski-open
subset of g∗ \
⋃
Em∋δ≺ε
Ωδ. Since the quotient map g
∗ → g∗/G is an open map (see
[Bo07, Ch. 1, §5, no. 2, Ex. 1]), it then follows that Ξε is a dense open subset of
(g∗/G) \
⋃
Em∋δ≺ε
Ξδ. 
4.3. Image of the Fourier transform of A = C∗(G).
Proposition 4.5. Define the sequence
∅ = V0 $ V1 $ · · · $ Vn = Ĝ
by the conditions
• {∅} ∪ {Vj \ Vj−1 | 1 ≤ j ≤ n} = {Γε | ε ∈ Em};
• if j1, j2 ∈ {1, . . . , n} and ε1, ε2 ∈ Em with Vj1\Vj1−1 = Γε1 and Vj2 \Vj2−1 =
Γε2 , then we have j1 < j2 if and only if ε1 ≺ ε2.
Then Vj is an open subset of Ĝ for all j = 1, . . . , n, and both hypotheses (1)–(2) of
Theorem 3.4 are satisfied.
Proof. If j = 1, . . . , n, then Vj is an open subset of Ĝ as a consequence of Lemma 4.4,
since Kirillov’s correspondence g∗/G ≃ Ĝ is a homeomorphism.
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Moreover, to see that the other hypotheses of Theorem 3.4 are satisfied, we just
apply Lemma 4.4 again (for hypothesis (1)), and Lemma 4.3 (for hypothesis (2)).
This completes the proof. 
We have thus obtained the next theorem.
Theorem 4.6. Let G be connected simply connected nilpotent Lie group. Then the
C∗-algebra C∗(G) has norm controlled dual limits.
Proof. The theorem follows from Proposition 4.5, Theorem 3.4, and Theorem 3.8.

4.4. The index of a nilpotent Lie group.
Definition 4.7. Let G be any simply connected Lie group with its Lie algebra g.
The index of G (respectively, of g) is defined as
indG = ind g := dim g−max
ξ∈g∗
dimAd∗G(G)ξ.
Remark 4.8. For every ξ ∈ g∗, the coadjoint action gives rise to a G-equivariant
diffeomorphism G/G(ξ) ≃ Ad∗G(G)ξ, hence dimAd
∗
G(G)ξ = dim g− dimG(ξ) and
it follows that
indG = ind g = min
ξ∈g∗
dimG(ξ).
If Z is the center of G, then G(ξ) ⊇ Z for every ξ ∈ g∗, hence indG ≥ dimZ. 
Proposition 4.9. Let G be any simply connected Lie group with its Lie algebra g
If G is nilpotent, then the following assertions hold:
(1) If e1 ≺ · · · ≺ en ≺ ∅ are all the index sets of the coadjoint orbits of G with
respect to some Jordan-Ho¨lder basis of g, then indG = dim g− card e1.
(2) One has indG = r if and only if there exists some open dense subset V ⊆ Ĝ
that is homeomorphic to some open subset of Rr.
Proof. (1) Recall that card e1 = max
ξ∈g∗
dimAd∗G(G)ξ, hence indG = dim g− card e1.
(2) It follows by Lemma 2.8 that it suffices to check the equality indG = r for
any particular choice of the open dense subset V ⊆ Ĝ that is homeomorphic to some
open subset of Rr. Using the above notation and the one introduced in (4.1), if
V ⊆ Ĝ is the image of Ξe1 ⊆ g
∗/G by Kirillov’s correspondence, then V is open and
dense in Ĝ by [Pe84, Cor. 3.4.2] or [Pe94, Cor. 1.3.2], and also V is homeomorphic
to some Zariski open subset of Rr, where r := dim g − card e1 (see [Pe84, Subsect
1.2(c)–(d)]). For these V and r one has indG = r by Assertion (2). 
Remark 4.10. It follows by Proposition 4.9(1) that the number card e1 is inde-
pendent on the choice of the Jordan-Ho¨lder basis of g. 
4.5. C∗-algebras of nilpotent Lie groups are special solvable.
Theorem 4.11. Let G be any connected, simply connected, nilpotent Lie group with
its Lie algebra g. Then C∗(G) is a special solvable C∗-algebra with indC∗(G) =
indG and C∗(G)/Comm(C∗(G)) ≃ C0([g, g]⊥).
Proof. This follows by Propositions 4.5 and 4.9, using also [Pe84, Cor. 3.4.2]. 
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5. Uniqueness of Heisenberg group via special solvable C∗-algebras
We now prove that the Heisenberg groups are the only nilpotent Lie groups
whose index is 1 and whose C∗-algebras are special solvable of length 2.
Proposition 5.1. Let G be any nilpotent Lie group for which there exists a short
exact sequence of C∗-algebras
0→ C0(Γ1,K(H))→ C
∗(G)→ C0([g, g]
⊥)→ 0
satisfying the following conditions:
• Γ1 is a dense open R-subspace of Ĝ that is homeomorphic to R∗;
• H is a separable infinite-dimensional complex Hilbert space.
Then there exists a unique integer d ≥ 1 such that dim[g, g]⊥ = 2d and G is
isomorphic to the Heisenberg group H2d+1.
Proof. Let us denote by Oξ the coadjoint orbit of every ξ ∈ g∗. Since the group
G has infinite-dimensional representations, it follows that it is non-commutative,
hence there exists ξ1 ∈ g∗ with Oξ1 6= {ξ1}, and then Otξ1 6= {tξ1} for every t ∈ R∗.
Identifying Ĝ with the space of coadjoint orbits g∗/G by Kirillov’s correspondence,
it follows by the exact sequence from the statement that one has the disjoint union
g∗/G = Γ1 ⊔ [g, g]⊥. Moreover, ξ1 ∈ Γ1, and by the hypothesis that Γ1 is open
R-subspace of Ĝ that is homeomorphic to R∗ we obtain Γ1 = {Otξ1 | t ∈ R∗},
hence
g∗/G = {Otξ1 | t ∈ R
∗} ⊔ [g, g]⊥. (5.1)
Denoting the center of g by z and using the fact that the Lie algebra g is nilpotent,
it follows that [g, g]∩ z 6= {0}. Then, using (5.1) and reasoning by contradiction, it
easily follows that there exist x, y ∈ g with z := [x, y] ∈ z \ {0} and 〈ξ1, z〉 6= 0.
We claim that [g, g] = Rz. In fact, if [g, g] % Rz, then there exists ξ ∈ g∗ with
〈ξ, z〉 = 0 and 〈ξ, [g, g]〉 6= {0}. Then we have ξ 6∈ [g, g]⊥, and also ξ 6∈
⋃
t∈R∗
Otξ1
since 〈ξ, z〉 = 0 6∈ 〈
⋃
t∈R∗
Otξ1 , z〉. We thus obtained a contradiction with (5.1), and
this proves the above claim.
Since [g, g] = Rz, it follows that there exist some uniquely determined integers
d ≥ 1 and k ≥ 0 with g = h2d+1 × ak, where ak is the abelian k-dimensional Lie
algebra. Then the index of g is ind g = k + 1 by Remark 4.8. On the other hand,
since Γ1 is a dense open subset of Ĝ that is homeomorphic to R∗, it follows by
Proposition 4.9(2) that ind g = 1, hence by comparing with the above formula we
obtain k = 0, that is, g = h2d+1, and this completes the proof. 
6. On the conjecture on continuous-trace subquotients
One of the open problems in the theory of C∗-algebras of exponential Lie groups
is the conjecture that every continuous-trace subquotient of their C∗-algebra has
its Dixmier-Douady invariant equal to zero [RaRo88, Ro94, LiRo96]. It was proved
to be true so far only for 2-step nilpotent Lie groups [LiRo96, Th. 3.4]. Using a
different method, based on the topology of the space of coadjoint orbits, we will
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also prove it here for uncountable families of 3-step nilpotent Lie groups and also
for a sequence of nilpotent Lie groups of arbitrarily high nilpotency step.
Notation 6.1. For any separable C∗-algebra A let SQ(A) be the set of all ∗-
isomorphism classes of subquotients of A, that is, C∗-algebras J2/J1, where J1 ⊆
J2 are ideals of A. Let SQ
H(A) be the ∗-isomorphism classes of subquotients of A
with Hausdorff dual. We also denote by SQTr (A) the set of ∗-isomorphism classes of
subquotients of A with continuous trace, and by SQTr0 (A) its subset corresponding
to the subquotients whose Dixmier-Douady invariants are equal to zero.
Then one has
SQTr0 (A) ⊆ SQ
Tr (A) ⊆ SQH(A) ⊆ SQ(A).
We denote by [A] the ∗-isomorphism class of A.
For later use note that from [Dix64, Th. 10.9.3] that if X is any separable C∗-
algebra with continuous trace, then the Dixmier-Douady invariant of X vanishes
if and only if X is isomorphic to the C∗-algebra of a continuous field of non-zero
Hilbert spaces on X̂ , hence this property is invariant under direct sums of C∗-
algebras.
Recall that a separable C∗-algebra has its Dixmier-Douady invariant equal to
zero if and only it is Morita equivalent to a commutative C∗-algebra or, equivalently,
if it is stably isomorphic to a commutative C∗-algebra (see for instance [Ec96,
Sect. 5.3] and the references therein).
The conjecture below has been raised in [RaRo88, Sect. 4], [Ro94, Sect. 3],
and [LiRo96, Conj. 3.2], and so far it was proved only for the 2-step nilpotent Lie
groups (see [LiRo96, Th. 3.4]).
Conjecture 6.2. If A is the C∗-algebra of an arbitrary exponential Lie group,
then SQTr0 (A) = SQ
Tr (A).
It follows by Lemma 6.3 below that the class of C∗-algebras A with SQTr0 (A) =
SQTr (A) is closed with respect to taking ideals and quotients, hence also subquo-
tients. Thus Conjecture 6.2 is equivalent to the formally stronger assertion that
SQTr0 (A) = SQ
Tr (A) whenever A is any subquotient of the C∗-algebra of an arbi-
trary exponential Lie group.
Continuous-trace subquotients and C∗-algebra extensions.
Lemma 6.3. For any short exact sequence of separable C∗-algebras
0→ J → A
p
→B → 0 (6.1)
we have SQ(J ) ∪ SQ(B) ⊆ SQ(A).
Proof. Since J is an ideal of A, it follows by [Dix64, Prop. 1.8.5] that any ideal of
J is an ideal of A, and hence SQ(J ) ⊆ SQ(A).
Now let J1 ⊆ J2 be any ideals of B. Then p−1(J1) ⊆ p−1(J2) are ideals of
A and p gives rise to a ∗-isomorphism p−1(Jk)/J ≃ Jk for k = 1, 2, hence to a
∗-isomorphism p−1(J2)/p−1(J1) ≃ J2/J1. Thus [J2/J1] = [p−1(J2)/p−1(J1)] ∈
SQ(A), and this completes the proof of the inclusion SQ(B) ⊆ SQ(A). 
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Remark 6.4. For any topological space T we denote by LC(T ) the set of all
locally closed subsets of T . We recall from Remark 2.3 that for any C∗-algebra A
the locally closed subsets of Â are precisely the spectra of subquotients of A. The
map
ΨA : SQ(A)→ LC(Â), [J2/J1] 7→ Ĵ2/J1
is a well-defined bijection. 
Lemma 6.5. Let X be a first-countable topological space. Assume that X = X1⊔X2
where
(i) X1 is open, locally compact Hausdorff, and its points are separated in X.
(ii) If x = {xj}j∈N is a convergent sequence contained in X1 and such that its set
of limit points L(x) is contained in X2, then L(x) has no isolated points.
Then for every locally closed and Hausdorff subset S of X we have that S ∩X1 is
relatively closed in S.
Proof. Note first that the hypotheses imply that for a convergent sequence x =
{xj}j∈N contained in X1, we have: Either the set of its limit points L(x) is a single
point in X1, which is Hausdorff, or, because the points of X1 are separated in X ,
L(x) ⊆ X2, hence L(x) has no isolated points.
Let y ∈ S ∩ S ∩X1. We have to prove that y ∈ S ∩X1. Assume the contrary,
that is, y 6∈ S ∩X1. Then y must belong to S ∩X2. Since y ∈ S ∩X1 there exists a
convergent sequence x = {xj}j∈N such that y ∈ L(x). Then since y 6∈ X1 it follows
that y ∈ L(x) is not an isolated point.
The set S is locally closed, hence there are D ⊂ X open and F ⊂ X closed such
that S = F ∩D. Since y ∈ S ⊂ D, we obtain that there is y′ 6= y with y′ ∈ D∩L(x).
On the other hand the sequence x is contained in F , thus L(x) ⊂ F . We get that
{y, y′} ∈ L(x) ∩ S, which contradicts the fact that S is Hausdorff. Therefore we
must have that y ∈ S ∩X1. 
Topologies of the type considered in Lemma 6.5 have been earlier studied in
connection with C∗-algebra extensions. (See for instance [De72, Ch. VII], for a
stronger condition on the sets of limit points.)
Definition 6.6. The short exact sequence of separable C∗-algebras
0→ A1 → A
p
→A2 → 0
is called a controlled boundary extension if, denoting X = Â, X1 = Â1, X2 = Â2,
the topological space X = X1 ⊔X2 satifies the conditions in Lemma 6.5.
Now we can prove the following theorem.
Theorem 6.7. Let 0→ A1 → A
p
→A2 → 0 be any controlled boundary extension.
Then the following assertions are equivalent:
(i) SQTr (A) = SQTr0 (A)
(ii) SQTr (A1) = SQ
Tr
0 (A1) and SQ
Tr (A2) = SQ
Tr
0 (A2).
If in addition A is liminary, then SQTr (A) = SQH(A) if and only if SQTr (A1) =
SQH(A1) and SQ
Tr (A2) = SQ
H(A2)
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Proof. The asssertion (i) ⇒ (ii) follows from Lemma 6.3.
For (ii) ⇒ (i), let [T ] ∈ SQTr (A). Then S = T̂ is a locally closed and Hausdorff
subset of X . Since T has continuous trace it follows from [Dix64, Cor. 10.5.6] that
T is a C0(S)-algebra.
On the other hand, by Lemma 6.5, the sets S ∩ X1 and S ∩ X2 are both open
and closed in S. Thus we can write
T = T1 ∔ T2 (6.2)
where Tj are ideals in T , have continuous trace, and T̂j = S ∩Xj , j = 1, 2.
We also have that [Tj ] ∈ SQ
Tr (A): Indeed, since [T ] ∈ SQTr (A) there are ideals,
I ⊂ J ⊂ A with T = J /I. Let p : J → J /I be the canonical projection. Then
I ⊂ p−1(Tj), j = 1, 2 are ideals in J , hence in A, and p−1(Tj)/I ≃ Tj .
For j = 1, 2, the sets S ∩ Xj are locally closed in Xj , hence there are [T ′j ] ∈
SQTr (Aj) = SQ
Tr
0 (Aj), with T̂
′
j = S ∩ Xj . On the other hand by Lemma 6.3,
[T ′j ] ∈ SQ
Tr (A), j = 1, 2. By Remark 6.4, we get that T ′j ≃ Tj , hence [Tj ] ∈
SQTr0 (A), j = 1, 2. It then follows from (6.2) that [T ] ∈ SQ
Tr
0 (A).
The proof of the second assertion is completely similar, using again [Dix64,
Cor. 10.5.6]. 
New classes of nilpotent Lie groups satisfying Conjecture 6.2. The asser-
tions of the following lemma, in the special case of two-step nilpotent Lie groups,
go back to [LiRo96, Lemma 3.3] and the proof of [Ec96, Th. 6.3.3].
Lemma 6.8. Let G be a connected simply connected nilpotent Lie group that has
only flat orbits. For every integer d ≥ 0 denote by (g∗/G)d the set of coadjoint
orbits of dimension d. Then we have
(i) The set (g∗/G)d is locally closed and Hausdorff, and the corresponding sub-
quotient in C∗(G) has continuous trace.
(ii) If S ⊂ g∗/G is a locally closed Hausdorff subset, then S ∩ (g∗/G)d is closed
in the relative topology.
Proof. The lemma is trivial for d = 0, therefore let d > 0.
We first prove (i). Let (g∗/G)≤d be the set of all orbits of dimension ≤ d. It is
a closed subset of g∗/G, and
(g∗/G)d = (g
∗/G)≤d \ (g
∗/G)≤d−2.
This shows that (g∗/G)d is locally closed.
Let now {Oj}j∈N be a convergent sequence of coadjoint orbits in (g
∗/G)d, and
let O ∈ L({Oj}) ∩ (g∗/G)d. Then there exists ξj ∈ Oj and ξ ∈ O such that
limj→∞ ξj = ξ, and Oj = ξj + g(ξj)⊥ and O = ξ + g(ξ)⊥. We denote Vj = g(ξj)⊥
and V = g(ξ)⊥, and note that they do not depend on the choice of ξj ∈ Oj and
ξ ∈ O, respectively. We denote
V0 = {θ ∈ g
∗ | (∃)θj ∈ Vj , θj → θ}.
Then it is easy to see that V0 is a subspace of g
∗ of dimension at most d. Since
Oj → O we have that V ⊆ V0. Moreover V is d-dimensional, hence V = V0. This
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shows that O is uniquely determined by the sequence {Oj}, hence the set (g∗/G)d
is Hausdorff.
Moreover, since all the orbits are flat, Oj converges to O with multiplicity 1 (see
[Lu90, Prop. 2.8]), hence by [Lu90, Prop. 3.2] we have that
lim
j→∞
TrπOj (f) = Tr πO(f)
for every f is a dense ∗-subalgebra of C∗(G). Here πOj , πO are irreducible repre-
sentations associated to Oj and O, respectively. This shows that the subquotient
Ψ−1C∗(G)((g
∗/G)d) has continuous trace.
To prove (ii) let {Oj}j in S ∩ (g∗/G)d be a sequence of orbits and O ∈ S with
Oj → O. We can write Oj = ξj + Vj with ξj ∈ Oj as above. We regard {Vj}j
as a sequence of points in the compact connected manifold Gr(d; g∗), which is the
connected component of the Grassmann manifold consisting of the d-dimensional
linear subspaces of g∗. Therefore, by selecting a subsequence, we may assume
that there exists V ∈ Gr(d; g∗) with Vj → V in Gr(d; g∗). The set ξ + V is G-
invariant, and (ξ + V )/G ⊆ L({Oj}). Hence we either have that ξ + V = O, in
which case O ∈ (g∗/G)d, or O ∈ (ξ + V )/G is an infinite connected set of lower-
dimensional orbits. The later alternative is however impossible, since S is locally
closed, Hausdorff and contains Oj . 
Note that the lemma is not true for general nilpotent Lie groups, as can can
be seen from the case of threadlike nilpotent Lie groups; see [Lu90, Sect. 5]. See
however [AKLSS01, Th. 5.1] for the equivalence Fell point ⇐⇒ separated point in
the set of coadjoint orbits of maximal dimension of the threadlike groups.
The following corollary provides a class of 3-step nilpotent Lie groups for which
Conjecture 6.2 holds true even in a stronger form.
Corollary 6.9. If G is any 3-step nilpotent Lie group with 1-dimensional center
and with generic flat coadjoint orbits, then its C∗-algebra A = C∗(G) has the
property SQH(A) = SQTr (A) = SQTr0 (A).
Proof. Let N be the center of G. Then there exists the short exact sequence of
C∗-algebras
0→ J → C∗(G)→ C∗(G/N)→ 0.
Moreover, since G has 1-dimensional center and generic flat coadjoint orbits, there
exists an isometric ∗-isomorphism J ≃ C0(R\{0},K(H)) for some Hilbert space H
(see for instance [Ka95, page 126]), hence we obtain a short exact sequence
0→ C0(R \ {0},K(H))→ C∗(G)→ C∗(G/N)→ 0
that is a controlled boundary extension in the sense of Definition 6.6. We clearly
have SQTr (C0(R \ {0},K(H))) = SQTr0 (C0(R \ {0},K(H))). On the other hand,
the group G/N is 2-step nilpotent (see for instance [BB15, Rem. 2.7]) hence
SQTr (C∗(G/N)) = SQTr0 (C
∗(G/N)) by [LiRo96, Th. 3.4]. Therefore by using
Theorem 6.7 we obtain that SQTr (A) = SQTr0 (A).
By Lemma 6.8 it follows that if T ⊂ Ĝ/N is Hausdorff and connected then its
points are coadjoint orbits of constant dimension. Moreover the set of all coadjoint
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orbits of fixed dimension of G/N is locally closed subset whose corresponding sub-
quotient of C∗(G/N) has continuous trace. Hence by using Theorem 6.7 we obtain
that SQTr (A) = SQH(A). 
Remark 6.10. By using [BB15, Ex. 6.8] and [La05, Ex. 3.5], one can construct
an uncountable family of mutually nonisomorphic 3-step nilpotent Lie groups G of
dimension 7 with 1-dimensional center N and generic flat coadjoint orbits, hence
satisfying the hypothesis of Corollary 6.9. All these groups are (mutually non-
isomorphic) extensions of the 2-step nilpotent Lie group G6,15 discussed in [Ec96,
Ex. 6.3.5], with the quotients G/N isomorphic with G6,15.
In Corollary 6.14 below we provide examples of nilpotent Lie groups of arbitrarily
high nilpotency step for which Conjecture 6.2 holds true.
Definition 6.11 ([HL79]). For any m,n ≥ 1 we define hm,n as the Lie algebra
with a basis {X1, . . . , Xm} ∪ {Y0, . . . , Yn} and the bracket given by
[Xi, Yj ] = Yi+j
for all i ∈ {1, . . . ,m} and j ∈ {0, . . . , n} with i + j ≤ n. We denote by X∗j ,
j = 1, . . . ,m, Y ∗k , k = 0, . . . , n the corresponding dual basis in h
∗
m,n.
Proposition 6.12. The following assertions hold:
(i) For all m,n ≥ 1 the Lie algebra hm,n is n-step nilpotent and its center z is
spanned by {Yn} if m ≤ n and by {Yn} ∪ {Xn+1, . . . , Xm} if m > n.
(ii) If n ≥ 2, there exists a Lie algebra isomorphism hm,n/RYn ≃ hm,n−1.
(iii) If m ≥ n ≥ 1, then the coadjoint isotropy subalgebra at any ξ ∈ h∗m,n with
〈ξ, Yn〉 6= 0 is z. Hence the corresponding coadjoint orbit is Oξ = ξ + z⊥.
(iv) If m ≥ n > k ≥ 1 then the coadjoint isotropy subalgebra at any ξ ∈ h∗m,n
with 〈ξ, Yj〉 = 0 if k < j ≤ n and 〈ξ, Yk〉 6= 0 is spanned by {Yk, . . . , Yn} ∪
{Xk+1, . . . , Xm}.
(v) All coadjoint orbits of Hm,n are flat.
Proof. The Jacobi identity for the Lie bracket of hm,n is checked in [Ri87]. As-
sertions (i)–(iii) are by-products of the proof of [HL79, Lemma 13]. Then Asser-
tions (iv) follows by an inductive reasoning using (i)–(iii). Assertion (v) follows by
[HL79, Lemma 13]. 
Note that for m ≥ n, by using the generic flat coadjoint orbits of Hm,n given by
Proposition 6.12(iii), we obtain a short exact sequence
0→ C0((R \ {0})× Rm−n,K(H))→ C∗(Hm,n)→ C∗(Hm,n−1)→ 0 (6.3)
for some Hilbert space H (see [Ka95, page 126]). The next lemma shows that the
extension (6.3) is a controlled boundary extension.
Lemma 6.13. Let m ≥ n. Then if {ξj}j∈N is a sequence in h∗m,n with 〈ξj , Yn〉 6= 0
for all j ∈ N, and 〈ξj , Yn〉 → 0, j →∞, then L({Oξj}j∈N) is contained in Ĥm,n−1
and has no isolated points.
Proof. Since 〈ξj , Yn〉 6= 0, by Proposition 6.12 we have that
Oξj = ξj + z
⊥,
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and the dimension of each Oξj is 2n. We write ξj = ξ
′
j + ηj , where ηj ∈ z
∗/(RY ∗n ),
and denote M := L({ηj}j∈N) ⊂ span{X
∗
n+1, . . . , X
∗
m}. Then,
q : h∗m,n → h
∗
m,n/Ad
∗
Hm,n ≃ Ĥm,n, ξ 7→ q(ξ) = Oξ,
then
q−1(L({Oξj}j∈N)) = {0} ×M × (h
∗
m,n/z
∗) ≃ {0} ×M × R2n.
On the other hand, for every η ∈M the set
Aη := {ξ ∈ q
−1(L({Oξj}j∈N)) | ξ|z = η}
is Ad∗Hm,n invariant, hence it is a reunion of Hm,n orbits. The set Aη/Ad
∗
Hm,n is
connected and contains more than one point, since otherwise Aη would be a Hm,n
coadjoint orbit of maximum dimension 2n and contained in Y ⊥n , which is imposible
by Proposition 6.12, (iii) and (iv). Therefore we get that
L({Oξj}j∈N) =
⊔
η∈M
Aη/Ad
∗
Hm,n (6.4)
has no isolated points. 
Corollary 6.14. If m ≥ n ≥ 1 and Hm,n is the connected simply connected Lie
group whose Lie algebra is hm,n, then Hm,n is n-step nilpotent and its C
∗-algebra
A = C∗(Hm,n) has the property SQ
H(A) = SQTr (A) = SQTr0 (A).
Proof. We will prove the assertion by inducion on n. If n = 1, then Hm,n is abelian,
hence the property SQH(A) = SQTr (A) = SQTr0 (A) is clear.
For the induction step note that we have the short exact sequence (6.3) and that
Lemma 6.13 shows it satisfies the conditions in Theorem 6.8. Therefore by using
Theorem 6.7 we obtain SQH(C∗(Hm,n)) = SQ
Tr (C∗(Hm,n)) = SQ
Tr
0 (C
∗(Hm,n)),
and this concludes the proof. 
We note here that if G is any nilpotent Lie group for which Conjecture 6.2
holds true, then the length of the C∗(G), in the sense of Definition 2.5, is less or
equal to the cardinal of the coarse stratification of g∗, which, in general can be
much smaller than the cardinal of the fine stratification used in Proposition 4.5.
A similar problem for the (GCT) composition series of C∗(G) has been studied in
[Ec96] using twisted crossed products.
Appendix A. Complements on properly convergent sequences
Here we discuss some uniqueness properties of the boundary value mappings
that occur in Definition 3.7 (see Proposition A.5 below).
Definition A.1. A sequence x¯ := {xk}k∈N in a topological space X is said to be
properly convergent if its set of cluster points
L(x¯) :=
⋂
k∈N
{xi | i ≥ k}
has the property that for every point y ∈ L(x¯) and every subsequence {xkj}j∈N one
has xkj → y as j →∞.
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Lemma A.2. For every C∗-algebra A and any closed sets S1, S2 ⊆ Â one has
S1 ⊆ S2 ⇐⇒ (∀a ∈ A) sup
[ρ]∈S1
‖ρ(a)‖ ≤ sup
[ρ]∈S2
‖ρ(a)‖.
Proof. “⇒” is obvious, and the converse follows by [Fe60, Lemma 2.1]. 
Lemma A.3. Let A be any C∗-algebra, π¯ := {[πk]}k∈N be any properly convergent
sequence in Â. Then for any closed set S ⊆ Â one has
L(π¯) = S ⇐⇒ (∀a ∈ A) lim
k→∞
‖πk(a)‖ = sup
[ρ]∈S
‖ρ(a)‖;
L(π¯) ⊆ S ⇐⇒ (∀a ∈ A) lim
k→∞
‖πk(a)‖ ≤ sup
[ρ]∈S
‖ρ(a)‖;
L(π¯) ⊇ S ⇐⇒ (∀a ∈ A) lim
k→∞
‖πk(a)‖ ≥ sup
[ρ]∈S
‖ρ(a)‖.
Proof. We prove only the first equivalence in the statement, as this proof contains
the arguments needed for the second and third equivalences.
“⇒” Use [Fe60, Th. 2.1].
“⇐” Let S ⊆ Â be any closed set with the property
(∀a ∈ A) lim
k→∞
‖πk(a)‖ = sup
[ρ]∈S
‖ρ(a)‖.
Since π¯ := {[πk]}k∈N is a properly convergent sequence, it follows by “⇒” that
(∀a ∈ A) lim
k→∞
‖πk(a)‖ = sup
[ρ]∈L(π¯)
‖ρ(a)‖
hence
(∀a ∈ A) sup
[ρ]∈S
‖ρ(a)‖ = sup
[ρ]∈L(π¯)
‖ρ(a)‖.
Then, as both L(π¯) and S are closed subsets of Â, it follows by Lemma A.1 that
L(π¯) ⊆ S and L(π¯) ⊇ S, hence L(π¯) = S, and this completes the proof. 
Lemma A.4. Let A be any C∗-algebra, and π¯ := {[πk]}k∈N and τ¯ := {[τk]}k∈N be
any properly convergent sequences in Â. Then one has
L(π¯) ⊇ L(τ¯) ⇐⇒ (∀a ∈ A) lim
k→∞
(
‖πk(a)‖ − ‖τk(a)‖
)
≥ 0 (A.1)
and
L(π¯) = L(τ¯) ⇐⇒ (∀a ∈ A) lim
k→∞
∣∣‖πk(a)‖ − ‖τk(a)‖∣∣ = 0. (A.2)
Proof. It follows by Lemma A.3 that
(∀a ∈ A) lim
k→∞
‖πk(a)‖ = sup
ρ∈L(π¯)
‖ρ(a)‖
and
(∀a ∈ A) lim
k→∞
‖τk(a)‖ = sup
ρ∈L(τ¯)
‖ρ(a)‖
and then the implications “⇒” in both (A.1) and (A.2) follow at once. For (A.1) one
also needs the elementary remark that if {tk}k∈N and {sk}k∈N are any convergent
sequences of real numbers, then
lim
k→∞
tk = lim
k→∞
sk ⇐⇒ lim
k→∞
|tk − sk| = 0.
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Furthermore, if the condition in the right-hand side of (A.1) is satisfied, it follows
by the above displayed equalities that
(∀a ∈ A) lim
k→∞
∣∣‖πk(a)‖ ≥ sup
[ρ]∈L(τ¯)
‖ρ(a)‖
and then L(π¯) ⊇ L(τ¯ ) by the last equivalence in Lemma A.3. This completes the
proof of (A.1). The implication “⇐” in (A.2) can be proved similarly. 
Now we can establish a kind of uniqueness property of some mappings that occur
in Definition 3.7, which also shows how these mappings depend on the limit set of
the properly convergent sequence to which they are associated. It is worth point-
ing out that no linearity properties of these mappings are needed in the following
proposition.
Proposition A.5. In the setting of Definition 3.7, fix i ∈ {0, . . . , d + 1}. Let
π¯ := {[πk]}k∈N and τ¯ := {[τk]}k∈N be any properly convergent sequences contained
in Γi with L(π¯) ∪L(τ¯ ) ⊆ Si. Assume that for every k ∈ N one has some mappings
σ˜π¯,k : CB(Si)→ B(Hi) and σ˜τ¯ ,k : CB(Si)→ B(Hi) such that
lim
k→∞
‖F(a)(πk)− σ˜π¯,k(F(a)|Si)‖B(Hi) = lim
k→∞
‖F(a)(τk)− σ˜τ¯ ,k(F(a)|Si)‖B(Hi) = 0
for every a ∈ A. Then the following assertions hold:
(1) If L(π¯) ⊇ L(τ¯), then
(∀a ∈ A) lim
k→∞
(
‖σ˜π¯,k(F(a)|Si)‖B(Hi) − ‖σ˜τ¯ ,k(F(a)|Si)‖B(Hi)
)
≥ 0.
(2) If L(π¯) = L(τ¯), then
(∀a ∈ A) lim
k→∞
∣∣‖σ˜π¯,k(F(a)|Si)‖B(Hi) − ‖σ˜τ¯ ,k(F(a)|Si)‖B(Hi)∣∣ = 0.
Proof. The hypothesis can be written as
lim
k→∞
‖πk(a)− σ˜π¯,k(F(a)|Si)‖B(Hi) = lim
k→∞
‖τk(a)− σ˜τ¯ ,k(F(a)|Si)‖B(Hi) = 0
and this implies
lim
k→∞
∣∣‖πk(a)‖B(Hi) − ‖σ˜π¯,k(F(a)|Si)‖B(Hi)∣∣ = 0
and
lim
k→∞
∣∣‖τk(a)‖B(Hi) − ‖σ˜τ¯ ,k(F(a)|Si)‖B(Hi)∣∣ = 0.
Now the assertions follow by Lemma A.4. 
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